Abstract. Equilibrium and non-equilibrium studies of a hard point chain are performed under the condition of a vanishing external pressure. If all particles have the same mass, the dynamics is integrable, but the evolution is highly nontrivial. Numerical simulations in fact reveal that the particle-velocities (which are integrals of motion) subdiffuse at equilibrium, while superdiffuse in steady nonequilibrium regimes. This latter behaviour induces an anomalous thermal conductivity similar to that seen in standard ergodic models. The complexity of the dynamics can be traced back to a peculiar property of the hard point chain which acts as a velocity-dependent filter. Finally, an accurate study of a diatomic (ergodic) chain is performed, which reveals that the thermal conductivity diverges as N 2/5 with the number N of particles. This analysis confirms the conjecture that one-dimensional systems belong to a different universality class when the thermodynamic pressure vanishes.
Introduction
The combined numerical analysis of specific models and the development of theoretical arguments has led to a fairly complete understanding of the heat conduction problem in classical one-dimensional systems [1] . In particular, it is clear that chaos is neither a sufficient nor a necessary condition for the onset of normal heat conduction.
Chaos is not sufficient, as proven by the many chaotic systems whose thermal conductivity κ diverges as power law with the system size N , (κ ≈ N α ). In fact, theoretical arguments [2] and numerical studies [3] suggest that α = 1/3 in generic momentum conserving systems, with two exceptions: (i) zero-pressure models, where α is larger (presumably equal to either 2/5 or 1/2) [4, 5] ; (ii) coupled rotors, where Fourier law is satisfied [6] . The main reason for the anomalous behavior is that dimensionality matters: hydrodynamic transport coefficients are indeed typically ill-behaved in one and two dimensions.
Chaos is not strictly necessary, as testified by the normal behaviour exhibited by, e.g., bing-bang models, where the interactions are ensured by elastic collisions (between neighbouring particles and with fixed walls) of pointwise particles [7] . Altogether, it appears that ergodicity is the truly necessary condition for the validity of the Fourier law.
In the presence of a yet more regular dynamics, such as that of integrable systems, the heat flux is typically independent of the chain length and the thermal conductivity is thereby proportional to the system size. An exception to this scenario is the hard point chain (HPC) [7, 8] . The HPC is a model of pointwise particles that collide elastically when they either come together or reach a maximal distance (see the next section for a more detailed definition): the net result of a collision (between two equalmass particles) is a mutual exchange of the velocities which are thereby constants of motion. The HPC model is a specific instance of a bing-bang model, without on-site potential. In spite of its (pseudo)-integrability [9] it has been shown that κ exhibits a sublinear growth with N , if the average interparticle distance is tuned so as to guarantee that the thermodynamic pressure is equal to zero [7] . In this paper I revisit the behaviour of this model both to further clarify the nature of this anomalous behaviour exhibited by a non ergodic system and to confirm that the pressure plays a role in determining the asymptotic scaling behaviour of κ. In the zero-pressure case (and with identical particles), the growth rate of the thermal conductivity as well as the shape of the temperature profile are reminiscent of the typical behaviour of nonlinear chaotic models in spite of the lack of ergodicity of the model. However, a careful analysis reveals such strong fluctuations, when the system size is increased, that one can even doubt the existence of a well defined asymptotic scaling behaviour. The key features of the dynamics are identified by focusing on the evolution of the single velocities. In fact, since velocities are exactly exchanged in a collision, one can follow the system dynamics by attaching a label to each single velocity and thereby interpret it as a pseudo particle, a velociton (according to Ref. [7] ).
It is possible to distinguish between velocitons entering from the left side and those entering from the right side of the chain and study their diffusion behaviour. At equilibrium, velocitons turn out to sub-diffuse while, if a mismatch is introduced between the temperatures of the two chain ends, velocitons super-diffuse. The superdiffusion itself is a rather complex phenomenon as it strongly depends on the amplitude of the velocity: only the cold velocitons which enter from the cold side are able to travel along the chain and the opposite is true for the velocitons entering from the hot side.
In the equal-masses case, as soon as the pressure differs from zero, a ballistic current appears which induces the standard behaviour of integrable systems: the conductivity is proportional to the system size [7] . On the other hand, if the masses are not equal to one antoher, as in diatomic chains, ergodicity is restored and there is a clear numerical evidence that the behaviour of the HPC is equivalent to that of generic nonlinear systems [8] , even though the maximum Lyapunov exponent is zero. Accordingly, this model is a good testing ground to verify whether the growth rate α of thermal conductivity is different from 1/3, when the thermodynamic pressure vanishes. The careful simulations with mass ratio equal to 3/2 discussed in this paper reveal that α is definitely larger than 1/3 and consistent with the theoretical prediction of a kinetic-theory approach (α = 2/5) [4] .
The paper is organized in the following way. In the second section, I introduce the model and briefly recall some general properties of the dynamics. The third section is devoted to the analysis of the equilibrium regime, when the chain is put in contact with two heat baths at the same temperature. In the fourth section, the nonequilibrium regime is thorughly discussed, while the fifth section is devoted to the analysis of the diatomic chain. In the last section, I briefly summarise the main results and the open problems.
The model
The hard point chain (HPC) is a special case of the wider class of bing-bang models introduced in [7] to investigate whether systems with a zero-Lyapunov exponent exhibit the same type of behaviour as that of chaotic models. The HPC has been studied also in [8] as a generalization of the hard point gas (HPG) that allows tuning the thermodynamic pressure. In the HPG, N point-like particles move along a line and collide whenever they come to the same position (type-I collisions), i.e. the system behaves as a one-dimensional gas [10] . In the HPC, two-body collisions occur also when the mutual distance between neighbouring particles reaches a maximum value d (type-II collisions). Altogether, as depicted in Fig. 1 , the HPC can be viewed as a chain of particles linked by a massless string of length d. Here I investigate HPCs with fixed boundary conditions, i.e. the 0th and (N + 1)st particles are not allowed to move. Let L be the chain length, i.e. the distance between the end particles. If L ≪ d(N + 1), the average interparticle distance equal to L/(N + 1) is much smaller than the maximal allowed distance (d) and only type-I collisions occur. In this regime, the system behaves as a gas and a force directed towards the interior of the chain must be exterted at the chain ends to counterbalance the (positive) pressure arising from the particle motion. If, instead, L is close to d(N + 1), only type-II collisions occur and a pulling force must be applied, indicating the presence of a negative pressure. In general, depending whether type-I or type-II collisions prevail, the pressure is either positive or negative. By symmetry reasons, it is easy to convince oneself that the pressure is equal to zero when the average distance between neighbouring particles is equal to half of the maximum allowed distance d/2 [8] . Finally, the chain interacts with two heat baths in the following way. At random times (chosen according to a uniform distribution in the interval [0, 1]), the velocity of the first (last) particle is randomly reset, according to a Gassian distribution with a temperature T + (T − ).
If all particles have the same mass, the model is integrable, since collisions exchange the velocities which are therefore constants of motion [11] . However, as T + T - soon as alternate masses (with whatever mass ratio) are introduced, ergodicity is ensured.
As anticipated in the introduction, in the equal-mass case, it is convenient to introduce the concept of velociton, by attaching a label to any given "velocity": since collisions exchange the particle velocities, if particle labels are exchanged as well, it turns out that the a given velocity keeps its label: this entity is called "velociton". In the presence of type-I collisions (such as in the HPG), the velociton evolution is trivial: velocitons move ballistically, crossing each other, as it can be appreciated in Fig. 2a , where the different line types denote different velocitons. If one such system is put in contact with two heat baths, velocitons entering from the left (right) side travel undisturbed towards the right (left) side, where they exit. As a result, one expects a completely analogous behaviour to that of harmonic chains: it is sufficient to replace "velocitons" with "phonons".
If the average distance is increased, the dynamics becomes less trivial. As one can appreciate in Fig. 2b , type-II collisions appear (identified by the horizontal thin solid lines): when the distance between two neighbouring particles reaches the maximal value, their velocities are exchanged. As a result, the corresponding velocitons are instantaneously teleported over a distance d. If the particle density is large enough, type-II collisions are more frequent than type-I, and velocitons drift (on average) in the opposite direction with respect to that identified by their velocity. Heat flows from the hot to the cold bath (as it should) but is transported by velocitons moving in the "wrong" direction. The cross-over point is the symmetric case where L/(N +1) = d/2. This is the zero-pressure case that I investigate in this paper. All simulations discussed in this paper have been performed by implementing an event-driven approach, i.e. by updating position and velocity of a given particle only when it is involved in a collision and identifying the next collision with the help of a heap structure that allows finding the minimum with a number of operations that grows logarithmically with N . Finally, without loss of generality, I have set the maximal and the average interparticle distance equal to 1 and 1/2, respectively.
Thermodynamic equilibrium
In this section I discuss the equilibrium dynamics (T − = T + = 1) of a HPC with equal masses. Since velocitons keep their identity while moving along the chain, it makes sense to organize them into two distinct families depending whether they entered from the left or the right side. Conventionally, they will be referred to as red and blue velocitions, respectively. It is convenient to introduce the probability density ρ r (i) (ρ b (i)) that the ith (pseudo)particle is a red (blue) velociton (ρ r (i) + ρ b (i) = 1). In Fig. 3 , ρ r is plotted as a function of the scaled position x = i/N along the chain for two different values of N . The two curves nicely overlap along a nonlinear profile, thus suggesting that the transport of red and blue velocitons is anomalous. However, in the vicinity of the chain edges, the concavity of ρ r (x) is opposite to that of the typical temperature profiles observed in one-dimensional nonlinear chains [3] .
By denoting with Ψ 
i.e., the fluxes of the two types of velocitons coincide with one another, independently of their velocity distribution. In other words, at equilibrium, as well as out of equilibrium, there is no unbalance in the "color" transmission. For this reason I focus my attention on the energy flux Φ r (N ) (Φ b (N )) that is carried by the transmitted red (blue) velocitons. The results for Φ r (at equilibrium Φ b (N ) = Φ r (N )) are illustrated in Fig. 4 , where one can see that it decays as a power law with an exponent β ≈ −1.176.
As the flux scales faster than 1/N , the "colored-energy" conductivity scales, in the thermodynamic limit, as N α where α = β + 1 ≈ −0.2. In other words the anomaly means, in this case, that the thermal resistance increases with the system size, i.e. the system behaves an insulator.
More detailed information on the underlying tranport processes can be obtained by investigating whether the effective temperature of the velocitons that leave the chain (having entered on the other side) is the same as that one when they enter it. This question is equivalent to ask whether different velocities are characterized by different transmission rates.
In this perspective, I have determined the velocity distribution P (v) of the velocitons that have travelled along the entire chain. The results of simulations performed for two different chain lengths (N = 510, and 1022) are plotted in Fig. 5 (solid and dashed lines, respectively) where the probability density is rescaled to a unit area. The overlap between the two curves indicate that P (v) is independent of N , and that it is markedly different from a Gaussian with temperature T = 1 (see the dotdashed line). Altogether, since for v < v 0 ≈ 1.3, P (v) is smaller than the Gaussian, while the opposite is true above v 0 , I can conclude that velocites smaller (larger) than v 0 are characterized by a smaller (larger) transmission coefficient. Altogether, this implies that the effective temperature of the velocitons which travel through the entire chain is higher (≈ 2.3) than the temperature of the heat baths. In other words, the HPC acts as a filter which blocks slower velocities.
Complementary information on the equilibrium state can be obtained by investigating the velociton diffusion. This can be done by evolving an HPC starting from an initial condition where all velocitons are colorless. Colored velocitons enter after time t = 0. Let N b (t) (N r (t)) denote the number of blue (red) velocitons present in the chain at time t (for symmetry reasons, N b is, on the average, equal to N r ). The temporal behaviour of N c = N b + N r is plotted in Fig. 6 . For long enough times, all colorless velocitons diffuse away, letting N c saturate to N . However, before the saturation sets in, N c grows as t γ where γ quantifies the diffusivity of the system. The best fit suggests that γ = 0.407, a value definitely below 1/2, that would correspond to a standard diffusion. This confirms the sub-diffusive character of the process. Moreover, by recalling the general formula that links β and γ, namely γ = 1 + β/2 (see e.g., [8] ), it turns out that the direct estimate of γ is consistent with the indirect one (0.412).
The anomalous behaviour discussed in this section is a genuine multi-particle effect that emerges spontaneously from the dterministic HPC dynamics. It is remarkable that, even though the HPC is integrable, the propagation of the velocitions is not ballistic and not even diffusive, but subdiffusive! On the other hand, a ballistic component arises as soon as the average interparticle distance becomes larger or smaller than d/2 [7] . Altogether, the analysis of the equilibrium setup confirms the peculiarity of the zero-pressure case.
Nonequilibrium
In the previous section, I have concentrated my interest on the equilibrium evolution of a HPC; here I analyse the nonequilibrium dynamics by setting T + = 1.5 and T − = 0.5.
In Fig. 7 , the temperature profile is plotted as a function of the scaled position along the chain for various N values. Qualitatively, the profiles are reminiscent of those observed in generic momentum-conserving nonlinear systems. However, there is no clear tendency of the profiles to converge towards a well defined shape. Upon increasing the chain length, one can even notice the appearance of additional oscillations in the shape, that make questionable the very existence of a limit shape (see the inset of Fig. 7 , where it is clear that the shape keeps changing upon increasing N ).
As for the scaling behaviour of the energy flux Φ (defined as the energy exchanged with the thermal bath(s) per unit time), the numerical results are plotted in Fig. 8 . Simulations have been performed over long enough times to guarantee that the statistical error is smaller than the symbol size (i.e. over times longer than 10 7 for N = 32766). As a result, it appears that for N <≈ 2000, Φ ≈ N −0.56 , while above (and until at least N ≈ 30000) Φ ≈ N −0.45 . Altogether, these results reveal a slower-than-ballistic but superdiffusive behavior.
By considering that, by construction, in this model there is no unbalance between the number of transmitted red and blue velocitions, this result is rather surprising. In fact, it would have been natural to expect that the main difference between the equilibrium and the non-equilibrium case is mainly an asymmetry between the velocity distribution of the red and blue velocitons. Were this the case, the scaling behaviour of Φ in the nonequilibrium setup would have been equal to that of Φ r at equilibrium. However, my simulations clearly show that the equilibrium and non-equilibrium setups are characterized by sub-and super-diffusion, respectively! Some hints on the qualitative change induced by a temperature difference are gained by looking at the velocity distribution of the transmitted velocitons. In Fig. 9 I plot the velocity distribution of red and blue velocitons, when they are about to leave the chain, for two different chain lengths. The distributions are scaled in such a way that P b (v) has a unit area, while P r (v) maintains the proper ratio with respect to P b (v). At variance with the equilibrium case, P r (v) = P b (v). However, the main difference between the two distributions is not their broadness. In fact, it appears that the HPC acts as a filter which selects only the red velocitons with v > v c ≈ 1 and the blue velocitons with v < v c . Altogether, slow velocitons entering from the hot side and fast velocitons entering from the cold side are both reflected back! By comparing the results obtained for different chain lengths it appears that the filtering tends to become exact in the thermodynamic limit. It is intruiging to notice that the critical velocity v c = 1 corresponds to the average temperature T = (T + + T − )/2.
The diatomic case
Finally, I revisit the HPC behavior in a diatomic chain. If neighbouring particles have a different mass, the concept of "velociton" does no longer make sense, as the velocities are no longer simply exchanged in a collision. As a result, the dynamics becomes ergodic, although is still not chaotic [7, 8] . If the pressure of the diatomic chain is different from zero, there is convincing numerical evidence that the thermal conductivity diverges with an exponent α = 1/3 [3] , in agreement with the theoretical predictions [2] . Moreover previous theoretical studies suggest that the zero-pressure case belongs to a different universality class, although it is not completely clear which α-value is to be expected. The development of kinetic theory approaches for the FPU-β model suggests that α = 2/5 [4] , while self-consistent mode-coupling theory suggests that α = 1/2 [5] . Moreover, in a (zero-pressure) linear stochastic model it has been rigorously proven that α = 1/2 [12] .
I have performed detailed simulations of a HPC for different chain lengths and a mass ratio 3/2. As shown in Ref. [13] , it is necessary to perform a careful estimate of the statistical error ∆Φ affecting the average heat flux Φ. I have proceeded in the following way. The overall integration time τ (equal to 3×10 8 time units for the larger systems) is divided into M sub-intervals of length δτ long enough to guarantee that mutual correlations are practically absent (in practice, δτ ≈ 10 4 time units). This setup allows determining the standard deviation of the average heat flux over a time span δτ . The error affecting the overall average heat flux has been finally estimated as
The results for different chain lengths are plotted in Fig. 10 in two different ways.
In panel a, the energy flux Φ is plotted in log-log scales versus N and the data is fitted with a power law. A best fit yields 0.6002, a result which strongly supports the conjecture that the "zero-pressure" universality class is characterized by α = 2/5. Since log-log plot may dim not so-small deviations, the same data is presented in panel b by multiplying Φ by a power N δ (for different values of δ) to compensate the decay. The resulting variable is plotted versus N −3/5 , in such a way that the supposedly finite asymptotic value would be attained for a zero value of the abscissa (the 3/5 power does not have a special meaning: I have chosen a value of the exponent smaller than 1 to have reasonably spaced x-coordinates). The three curves plotted in panel b correspond to δ = 2/3, 3/5 and 1/2 (from top to bottom); the evident growth for N −3/5 → 0 reveals that the value δ = 2/3 is definitely to be excluded as a possible estimate of the asymptotic decay rate of Φ. This confirms that when the pressure is equal to zero, the divergence rate of κ is faster than 1/3. Moreover, the remarkable flatness of the curve obtained for δ = 3/5 suggests that α = 2/5 is more likely than α = 1/2, the asymptotic value of the divergence rate.
Conclusions and open problems
The analysis of the equal-mass case has revealed rather anomalous transport properties. The analysis has been performed by studying the velocitons, pseudoparticles that correspond to conserved quantities in the integrable case. I have found that the diffusion properties of the velocitons depend strongly on the distribution of velocities along the chain. This is in fact, the origin of the qualitatively different behaviour observed when the two heat baths have the same or different temperatures. Even more remarkable is the velocity dependence of the transmission coefficient in the non-equilibrium setup: velocitions entering from the hot side that are slower than the average velocity are eventually reflected back (the opposite occurs for the velocitons entering from the cold side). It would be interesting to develop some arguments to account for this puzzling behaviour.
A second open problem is the determination of the asymptotic shape of the density profile and the scaling behaviour of the termal conductivity still in the equal mass case. Given the integrable character of the dynamics, it is not even clear whether a limiting behaviour exists at all. In fact, the dynamics depends crucially on the structure of the invariant surfaces that could depend on number theoretic properties. The strong finite-size corrections discussed in this paper might indeed be a manifestation of some peculiar geometrical properties.
Moreover, a detailed analysis of a diatomic (an thus, ergodic) HPC confirms that zero and non-zero thermodynamic pressure correspond to two different universality classes and the conjecture that the former class is chararacterized by an exponent α = 2/5 [4] .
Finally, I wish to recall that, although I have investigated only energy transport, this setup allows, in principle to analyse mass transport, as well. This is a promising setup to clarify the microscopic mechanisms of thermoelectric efficiency, as, e.g., suggested by some preliminar studies of the hard point gas [14] .
